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ON THE STRUCTURE OF SOME LOCALLY
NILPOTENT GROUPS WITHOUT CONTRANORMAL
SUBGROUPS
LEONID A. KURDACHENKO, PATRIZIA LONGOBARDI,
AND MERCEDE MAJ
Abstract. Following J.S. Rose, a subgroupH of a groupG is said
contranormal in G if G = HG. In a certain sense, contranormal
subgroups are antipodes to subnormal subgroups. It is well known
that a finite group is nilpotent if and only if it has no proper
contranormal subgroups. We prove that a nilpotent-by-finite group
with no proper contranormal subgroup is nilpotent. There are
locally nilpotent groups with a proper contranormal subgroup. We
study the structure of hypercentral groups with a finite proper
contranormal subgroup.
Dedicated to Professor Pavel Shumyatsky on his 60th birthday
1. Introduction.
A subgroup H of a group G is called contranormal in G ifHG = G,
where HG = 〈x−1hx | h ∈ H, x ∈ G〉 is the normal closure of H in
G, the smallest normal subgroup of G containing H . For example
G is contranormal in G, for any group G. The term ”contranormal
subgroup” has been introduced by J.S. Rose in the paper [14]. Contra-
normal subgroups have been studied for example in the paper [9]. If G
is a group and H is a contranormal subgroup of G, then every subgroup
K containing H is contranormal in G. In particular, if H and L are
contranormal subgroups of G, then the subgroup 〈H,L〉 is also contra-
normal in G. However, the intersection of two contranormal subgroups
is not always contranormal. For example, in the group A4 every Sylow
3-subgroup is contranormal, but the intersection of every two Sylow
3-subgroups of A4 is trivial, so that it is not contranormal. Notice also
that ifM is a maximal subgroup of G which is not normal, then clearly
M is a contranormal subgroup of G. Moreover, every subgroup of a
finite group G is a contranormal subgroup of a subnormal subgroup
2010 Mathematics Subject Classification. Primary: 20E99, 20F18, 20F19 .
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of G. As we can see by the definition, contranormal subgroups are
in a certain sense, antipode of normal and subnormal subgroups: a
contranormal subgroup H of a group G is normal (respectively subnor-
mal) if and only if H = G. It follows that groups, whose subgroups
are subnormal (in particular, nilpotent group), do not contain proper
contranormal subgroups. For finite groups the converse is true.
A finite group G is nilpotent if and only if G does not have proper
contranormal subgroups.
Indeed, suppose that there is a prime p such that G has a Sylow
p-subgroup P which is not normal in G. Then NG(P ) 6= G. Since
P is pronormal in G, NG(P ) is abnormal in G ([13], 1.6). But every
abnormal subgroup is contranormal, and we obtain a contradiction,
which shows that Sylow q-subgroups of G are normal for each prime q.
It follows that G is nilpotent.
There exist infinite non-nilpotent groups, whose subgroups are sub-
normal (it is possible to find examples of such groups in the survey [3]).
Therefore the following question naturally appears:
When a locally nilpotent group without proper contranormal sub-
groups is nilpotent?
We notice that there exist Chernikov locally nilpotent groups having
proper contranormal subgroups, as the following example shows. Let
D be a divisible abelian 2-group. Then D has an automorphism ϕ such
that ϕ(d) = d−1 for each element d ∈ D. Define the semidirect product
G = D ⋊ 〈b〉 such that db = ϕ(d) = d−1 for each element d ∈ D. Let
a be an arbitrary element of D. Since D is divisible, there exists an
element d ∈ D such that d2 = a. We have [b, d] = b−1d−1bd = d2 = a.
It follows that [b,D] = D. From [b,D] ≤ 〈b〉G and 〈b〉 ≤ 〈b〉G we
obtain that 〈b〉G = 〈b〉[b,D] = 〈b〉D = G, so that the subgroup 〈b〉 is
contranormal in G. We note that the group G is not nilpotent, however
the series
〈1〉 ≤ Ω1(D) ≤ · · · ≤ Ωn(D) ≤ Ωn+1(D) ≤ · · · ≤ D ≤ G
is central, so that G is a hypercentral abelian-by-finite group. Besides,
the contranormal subgroup 〈b〉 is ascendant. This group is abelian-
by-finite, thus there exist hypercentral abelian-by-finite groups hav-
ing proper contranormal subgroups, and also finite contranormal sub-
groups. This example raises the following question:
What can we say about locally nilpotent abelian-by-finite groups hav-
ing no proper contranormal subgroups?
Our first result gives an answer to this question. In fact we have the
following Theorem.
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Theorem A. Let G be a nilpotent-by-finite group. If G has no proper
contranormal subgroups, then G is nilpotent.
Now the question appears about the structure of locally nilpotent
abelian-by-finite groups having proper contranormal subgroups. We
show here the following result.
Proposition B. Let G be a locally nilpotent group and A be a normal
abelian subgroup of G with G/A finite. Suppose that G has a proper
contranormal subgroup C, then C = BK where B ≤ A is normal in G,
K is a finitely generated subgroup such that G = AK, and A = B[K,A].
In particular the factor group G/B has the finite contranormal subgroup
KB/B.
Therefore we naturally come to locally nilpotent abelian-by-finite
groups having a finite contranormal subgroup. Our last result gives a
description of hypercentral groups which include a finite contranormal
subgroup.
Theorem C. Let G be a hypercentral group. If G contains a finite
contranormal subgroup, then G satisfies the following conditions:
(i) G = V C, where V is a normal divisible abelian subgroup and C
is a finite contranormal subgroup of G;
(ii) Π(G) = Π(C), in particular the set Π(G) is finite;
(iii) V has a family of G-invariant G-quasifinite subgroups {Dµ | µ ∈
M} such that V = 〈Dµ | µ ∈M};
(iv) [Dµ, C] = Dµ for all µ ∈M , in particular, [V, C] = V .
Here an infinite normal abelian subgroup A of a group G is called
G-quasifinite if every proper G-invariant subgroup of A is finite.
2. Nilpotent-by-finite groups without proper contranormal
subgroups
We start our investigation with this easy and very useful Lemma.
Lemma 2.1. Let G be a group. Then:
(i) If C is a contranormal subgroup of G and H is a normal subgroup
of G, then CH/H is a contranormal subgroup of G/H.
(ii) If H is a normal subgroup of G and C is a subgroup of G such
that H ≤ C and C/H is a contranormal subgroup of G/H, then C is
a contranormal subgroup of G.
(iii) If C is a contranormal subgroup of G and D is a contranormal
subgroup of C, then D is a contranormal subgroup of G.
Proof. These assertions are obvious. 
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Let G be a nilpotent-by-finite group and assume that G has no con-
tranormal subgroups. In order to prove Theorem A, we first assume
that G is p-group, p a prime. Furthermore, we first suppose that G is
abelian-by-finite, thus there exists a normal abelian subgroup A of G
of finite index in G. We start stating three easy Lemmas, well known
in the literature. We add the proofs for the sake of completeness.
Lemma 2.2. Let G be a p-group, p a prime, and suppose that G
contains a normal bounded abelian subgroup A such that G/CG(A) is
finite. Then for some positive integer m, A is contained in ζm(G), the
m− th term of the upper central series of G.
Proof. Write s the exponent of A and k = |G/CG(A)|. For each a ∈ A
we have A ≤ CG(a) and |G : CG(a)| ≤ k. Thus a has at most k
conjugates in G. Therefore 〈a〉G is an abelian group, of exponent ≤ s,
generated by at most k elements. Thus 〈a〉G is a finite normal subgroup
of order at most sk. Write m = sk. Since G is a soluble p-group, then
G is locally nilpotent, hence 〈a〉G is contained in the m − th term of
the upper central series of G. That holds for each a ∈ A, therefore
A ≤ ζm(G). 
Lemma 2.3. Let A be an abelian p-group, p a prime. If A is not
bounded, then A contains a subgroup B such that A/B is a divisibile
Chernikov group.
Proof. Suppose first that A is a direct product of cyclic groups. Then
since A is not bounded, there exists a subgroup C of A such that
A/C = Drn∈N〈dn〉, where the element dn has order p
n. Consider the
subgroup B/C = 〈dnd
−p
n+1 |n ∈ N〉. Then by this choice the factor
group A/B is a Pru¨fer p-group.
Suppose now that A cannot be decomposed in a direct product of
cyclic subgroups. Let D be a basic subgroup of A (see Theorem 32.3
of the book [6]). Then D is the direct product of cyclic subgroups,
therefore D 6= A. Moreover A/D is a divisible group. Thus A/D is
direct product of Pru¨fer p-groups and there exists a subgroup B/D of
A/B such that A/B is a Pru¨fer p-group. 
Lemma 2.4. Let H be a class of groups closed under subgroups
and under finite direct products. Let G be a group containing a normal
abelian subgroup A such that |G/CG(A)| is finite. Suppose that A con-
tains a subgroup B such that A/B ∈ H, then A contains a G-invariant
subgroup C such that C ≤ B and A/C ∈ H.
Proof. For each element g ∈ G the isomorphism A/Bg ≃ Ag/Bg ≃
A/B shows that A/Bg ∈ H. Since the subgroup CG(A) has finite
4
index in G, the set {Bg |g ∈ G} is finite. Write {Bg | g ∈ G} =
{B1, B2, . . . , Bn}, and C = B1 ∩ B2 · · · ∩ Bn. Using Remak’s theorem
we obtain the embedding A/C . A/B1 × A/B2 × · · · × A/Bn. Since
A/Bi ∈ H, for every i ∈ {1, · · · , n}, and H is closed under subgroups
and finite direct products, it follows that A/C ∈ H. 
Another general lemma we will use is the following:
Lemma 2.5. Let G be a p-group, p a prime, and suppose that G
contains a normal abelian subgroup A such that CG(A) has finite index.
Assume that A contains a G-invariant divisible Chernikov subgroup D.
Then A contains a G-invariant subgroup S such that A = SD and the
intersection S ∩D is finite.
Proof. Since D is divisible, it has a complement in A, that is A con-
tains a subgroup B such that A = D × B. Then A contains a G-
invariant subgroup C such that (D ∩ C)n = 〈1〉 and An ≤ DC where
n = |G/CG(A)| (see, for example [9], Theoren 5.9). In particular, the
intersection D ∩ C is finite. Then DC/C ≃ D/(D ∩ C) ≃ D. In
particular, DC/C is a divisible subgroup of A/C, therefore A/C con-
tains a subgroup E/C such that A/C = (DC/C) × E/C. Since the
factor A/DC is bounded, E/C is bounded, moreover (E/C)n = 〈1〉.
Let n = pk, then E/C ≤ Ωk(A/C). Put S/C = Ωk(A/C), then the
intersection (S/C) ∩ (DC/C) is finite and A/C = (DC/C)(S/C). It
follows that A = DS. Since D ∩ C and (S/C) ∩ (DC/C) are finite,
then S ∩D is finite. The Lemma is proved.

Now assume that G is a p-group, p a prime, and that G has no
proper contranormal subgroups. Suppose that G has a normal abelian
subgroup A of finite index in G. If A is bounded, then there exists
a positive integer m such that A ≤ ζm(G), the m − th term of the
upper central series of G, by Lemma 2.2. Since G/A is a finite p-group,
G/A is nilpotent. Therefore G is nilpotent and we have the result of
Theorem A in this case. Then we can suppose that A is not bounded.
Thus, by Lemma 2.3, there exists a subgroup B of A such that A/B is
a divisible Chernikov group. By Lemma 2.4 we can also suppose that
B is G-invariant. In this case we have.
Lemma 2.6. Let G be a p-group, p a prime, and suppose that G con-
tains a normal abelian subgroup A of finite index. Assume that A con-
tains a G-invariant subgroup C such that A/C is a divisible Chernikov
group. If G has no proper contranormal subgroups, then [G,A] ≤ C.
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Proof. A/C is a Chernikov group, thus G/C satisfies the minimal con-
dition on subgroups. Then there exists a series
C = C1 ≤ C2 ≤ · · · ≤ Cn = A
ofG-invariant subgroups such that the factors Cj+1/Cj areG-quasifinite,
j ∈ {1, . . . , n}. Consider the factorA/Cn−1. The subgroup [G/Cn−1, A/Cn−1]
isG-invariant, then either [G/Cn−1, A/Cn−1] = A/Cn−1, or [G/Cn−1, A/Cn−1]
is finite. Assume that [G/Cn−1, A/Cn−1] = A/Cn−1. Choose a fi-
nite subgroup K/Cn−1 such that G/Cn−1 = (A/Cn−1)(K/Cn−1). Then
[G/Cn−1, A/Cn−1] = [K/Cn−1, A/Cn−1]. Then the inclusion A/Cn−1 =
[K/Cn−1, A/Cn−1] ≤ (K/Cn−1)
G/Cn−1 implies that (K/Cn−1)
G/Cn−1 =
(A/Cn−1)(K/Cn−1) = G/Cn−1. This means that the subgroup K/Cn−1
is contranormal in G/Cn−1. By Lemma 2.1, the subgroup K is contra-
normal in G, and we obtain a contradiction. This contradiction shows
that [G/Cn−1, A/Cn−1] is finite. In this case the factor group G/Cn−1
is nilpotent. It follows that the center of G/Cn−1 contains A/Cn−1 (see,
for example, [5], Proposition 3.2.11). Hence [G,A] ≤ Cn−1.
Suppose that we have already proved that [G,A] ≤ C2. Since the
subgroup A/C is divisible and Chernikov, A/C contains a G-invariant
divisible subgroup D/C such that A/C = (C2/C)(D/C) and the in-
tersection (C2/C) ∩ (D/C) is finite (see, for example, [9], Corollary
5.11). Then the factor A/D is divisible Chernikov and G-quasifinite.
Using the result of the previous paragraph, we obtain that [G,A] ≤ D.
Thus we have [G/C,A/C] ≤ C2/C and [G/C,A/C] ≤ D/C, there-
fore [G/C,A/C] ≤ (C2/C) ∩ (D/C). Since the last intersection is
finite, the factor group G/C is nilpotent. It follows that the center of
G/C contains A/C (see, for example, [5], Proposition 3.2.11). Hence
[G,A] ≤ C, and the Lemma is proved. 
From Lemma 2.6 we have the following lemma:
Lemma 2.7. Let G be a p-group, p a prime, and suppose that G
contains a normal abelian subgroup A of finite index. If G has no
contranormal subgroups, then [G,A] is bounded.
Proof. If A is bounded, we have the result. Therefore we suppose that
A is not bounded. Then Lemma 2.3 shows that A contains a subgroup
B such that A/B is a divisible Chernikov group. Then Lemma 2.6
implies that [G,A] 6= A, moreover A/[G,A] is not bounded. Suppose
that the subgroup D = [G,A] is not bounded. Using again Lemma 2.3
we obtain that D contains a subgroup C such that D/C is a divisi-
ble Chernikov group. Then, by Lemma 2.4, there exists a G-invariant
subgroup E such that D/E is a Chernikov group. Then D contains
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a G-invariant subgroup H such that E ≤ H , H/E is finite and D/H
is a divisible Chernikov group. Therefore without loss of generality
we may suppose that D/E is a divisible Chernikov group. We have
[G/E,A/E] = [G,A]E/E = DE/E = D/E. Therefore [G/E,A/E]
is a divisible Chernikov group. By Lemma 2.5, A/E contains a G-
invariant subgroup S/E such that A/E = (D/E)(S/E) and the inter-
section (D/E)∩(S/E) is finite. It follows that A/S ≃ (A/E)/(S/E) =
(D/E)(S/E)/(S/E) ≃ (D/E)/((D/E) ∩ (S/E)) ≃ D/E is a divisi-
ble Chernikov group. Furthermore, A/S = (DS)/S = [G,A]S/S =
[G/S,A/S]. Now, by Lemma 2.6, [G/E,A/E] ≤ S/E, since A/S is a
divisible Chernikov. Then [G,A] ≤ S and we obtain the contradiction
A = S. This contradiction proves that the subgroup [G,A] is bounded.

Now we can prove the result of Theorem A, if G is an abelian-by-
finite p-group, p a prime.
Corollary 2.8. Let G be a p-group, p a prime, and suppose that
G contains a normal abelian subgroup A of finite index. If G has no
proper contranormal subgroups, then G is nilpotent.
Proof. By Lemma 2.7, [G,A] is bounded. Then, by Lemma 2.2, there
exists a positive integer t such that [G,A] ≤ ζt(G). Then A ≤ ζt+1(G),
and G is nilpotent since G/A is a finite p-group. 
Next step is to prove the result of Theorem A for every locally nilpo-
tent abelian-by-finite group.
Corollary 2.9. Let G be a locally nilpotent group, and suppose that
G contains a normal abelian subgroup A of finite index. If G has no
proper contranormal subgroups, then G is nilpotent.
Proof. First, suppose that G is periodic. Let pi = Π(G/A) and σ =
Π(G)\pi, then the set pi is finite and we have G = Drp∈piGp×Drp∈σGp,
whereGp is a Sylow p-subgroup ofG for all p ∈ Π(G). The isomorphism
Gp ≃ G/Drq∈Π(G),q 6=pGq and Lemma 2.1 show that Gp has no proper
contranormal subgroups for every p ∈ pi. Using Corollary 2.8 we obtain
that Gp is nilpotent for each p ∈ pi. The finiteness of the set pi implies
that Drp∈piGp is nilpotent. Obviously the subgroup Gp is abelian for
every p ∈ σ, hence Drp∈σGp is abelian. Therefore G is nilpotent. Now
suppose that G is non-periodic. Then the set Tor(G) of all elements
of G having finite order, is a characteristic subgroup of G and the
factor group S = G/Tor(G) is torsion-free. On the other hand, S is
abelian-by-finite. then S is a locally nilpotent torsion-free abelian-by-
finite group, and then it is abelian (see, for example, [5], Corollary
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1.2.8). Choose in the abelian subgroup A a maximal Z-independent
subset M and let C be the subgroup of A generated by M . Then
A/C is a periodic group. By Lemma 2.4 there exists a G-invariant
subgroup E ≤ C such that A/E is periodic. Obviously E is torsion-
free. Then E ∩ Tor(G) = 〈1〉. Using Remak’s theorem, we obtain
an embedding G . G/E × G/Tor(G). By Lemma 2.1 G/E does not
include proper contranormal subgroups. Then G/E is nilpotent by
Corollary 2.8, moreover G/Tor(G) is abelian, therefore G is nilpotent
and we have the result. 
Now we extend Corollary 2.9 to any abelian-by-finite group. We
start with the following two results.
Lemma 2.10. Let G be a group and suppose that G contains a
normal abelian p-subgroup A of finite index, where p is a prime. If G
has no proper contranormal subgroups, then G is nilpotent.
Proof. By Lemma 2.1 the factor group G/A does not contain proper
contranormal subgroups. Being finite, G/A is nilpotent. Then G/A =
P/A× S/A, where P/A is a p-group and S/A is a p′-group. We have
A = CA(S)× [S,A] (see, for example, [1], Proposition 2.12). Suppose
that the subgroup [S,A] is not trivial. Since the subgroup S is normal
in G, then both subgroups C = CA(S) and [S,A] are G-invariant.
Moreover, we have A/C = C[S,A]/C = [S/C,A/C]. If the abelian p-
group A/C is bounded, then it is the direct product of cyclic subgroups.
In particular, A/C contains a proper subgroup having finite index.
Then, by Lemma 2.4, A/C contains a proper G-invariant subgroup
B/C, having finite index. By Lemma 2.1 the factor group G/C does
not contain proper contranormal subgroups. Being finite, this factor
group must be nilpotent. But in this case [A/C, S/C] = 〈1〉, and we
obtain a contradiction. If the abelian p-group A/C is not bounded,
then by Lemma 2.3, A/C contains a subgroup D/C such that A/D is
a divisible Chernikov group. By Lemma 2.4, A/C contains a proper G-
invariant subgroup E/C such that A/E is Chernikov. By Lemma 2.1
the factor group G/E does not contain proper contranormal subgroups.
Being Chernikov, this factor group must be nilpotent ([11], Lemma 4.9).
But in this case [A/C, S/C] = 〈1〉, and we again obtain a contradiction.
This contradiction proves that A = CA(S). It follows that S = A× V
where V is a finite p′-subgroup. Moreover, V is a Sylow p′-subgroup
of S, so that V is normal in G. By Lemma 2.1 the factor group G/V
does not contain proper contranormal subgroups. This factor group
is an abelian-by-finite p-group, then it is nilpotent, by Corollary 2.8.
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The equality A ∩ V = 〈1〉 and Remak’s theorem imply the embedding
G . G/A×G/V , which implies that G is nilpotent. 
Let G be a group and A be a normal subgroup of G. We put
γ(G,A) = A, γ2(G,A) = [G,A], and, recursively, γα+1(G,A) = [G, γα(G,A)],
for all ordinals α, moreover, if λ is a limit ordinal, we write γλ(G,A) =⋂
µ<λ γµ(G,A)
Lemma 2.11. Let G be a group and suppose that G contains a
normal abelian torsion-free subgroup A of finite index. If G has no
proper contranormal subgroups, then G is nilpotent.
Proof. Let M be a finite subset of A and write B = 〈M〉G. Since G/A
is finite, the subgroup B is finitely generated. Being torsion-free, it is
free abelian. Moreover, B is G-invariant. Put T/B = Tor(A/B), then
the subgroup T has finite 0-rank and it is G-invariant. Let r0(T ) = n,
then T/B has special rank at most n. Let p be an arbitrary prime
and consider the factor A/Bp. Let Sp/B
p be the Sylow p-subgroup
of A/Bp, then Sp/B
p is a Chernikov group of special rank at most
n. We have the direct decomposition A/Bp = Sp/Bp × Cp/Bp (see,
for example [6], Theorems 21.2 and 27.5). Thus A/Cp is a Cernikov
p-group of special rank at most n. By Lemma 2.4 there exists a G-
invariant subgroup Dp, Dp ≤ Cp such that A/Dp is a Chernikov p-
group, it is Dp =
⋂
g∈G C
g
p , thus A/Dp has special rank at most kn
where k = |G/A|. The inclusion Dp ≤ Cp implies that B∩Dp = B
p. It
follows that (BDp)/Dp ≃ B/(B∩Dp) = B/B
p, in particular (BDp)/Dp
is an elementary abelian p-group, having finite order less or equal to pn.
The factor-group G/Dp is periodic, therefore, by Corollary 2.9, G/Dp
is nilpotent. Then (BDp)/Dp ≤ γn(G), the n − th term of the lower
central series of G. It follows that γn+1(G,B) ≤ Dp. On the other
hand, since B is normal in G, γn+1(G,B) ≤ B, so that γn+1(G,B) ≤
Dp ∩ B = B
p. The last inclusion is true for each prime p, therefore
γn+1(G,B) ≤
⋂
p∈P B
p, where P is the set of all primes.. Since B is a
free abelian subgroup,
⋂
p∈P B
p = 〈1〉, thus γn+1(G,B) = 〈1〉. It follows
that B ≤ γn(G). That holds for every finitely generated subgroup B
of A, therefore A is contained in the hypercenter of G. By Lemma 2.1
the factor group G/A does not contain proper contranormal subgroups.
Being finite, G/A is nilpotent. Then G is hypercentral. In particular,
G is locally nilpotent, and, by Lemma 2.9, G is nilpotent. 
Corollary 2.12. Let G be an abelian-by-finite group. If G has no
proper contranormal subgroups, then G is nilpotent.
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Proof. Let A be a normal abelian subgroup of G such that the fac-
tor group G/A is finite. First suppose that G is periodic. Let pi =
Π(G/A) and σ = Π(A) \ pi, then the set pi is finite and we have
A = Drp∈piAp × Drp∈σAp, where Ap is the Sylow p-subgroup of A
for all p ∈ Π(A). Put Bp = Drq∈Π(A),q 6=pAq, then the subgroup Bp is
G-invariant, A/Bp ≃ Ap and by Lemma 2.1 G/Bp does not contain
proper contranormal subgroups for every p ∈ Π(A). By Lemma 2.10
G/Bp is nilpotent for each p ∈ Π(A). In particular, if p ∈ σ, then G/Bp
is abelian. Since
⋂
p∈Π(A)Bp = 〈1〉, by Remak’s theorem, we obtain an
embedding G . Drp∈piG/Bp × Crp∈σG/Bp. Since the set pi is finite
Drp∈piG/Bp is nilpotent. Since G/Bp is abelian for all p ∈ σ, then
Crp∈σG/Bp is abelian. Therefore G is nilpotent. Now suppose that G
is not periodic. Since G is not periodic, A is also not periodic. write
T = Tora(A). Then A 6= T . Obviously the subgroup T is G-invariant
and A/T is torsion-free. Lemma 2.1 shows that G/T does not contain
proper contranormal subgroups. Hence the factor group G/T is nilpo-
tent, by Lemma 2.11. Choose in the abelian subgroup A a maximal
Z-independent subset M and let C = 〈M〉. Then A/C is a periodic
group. By Lemma 2.4 there exists a G- invariant subgroup E such that
E ≤ C and A/E is a periodic group. The inclusion E ≤ C implies
that E is torsion-free. Thus E ∩ T = 〈1〉. By Remaks theorem, we
obtain an embedding G ≤ G/E × G/T . Lemma 2.1 shows that G/E
does not contain proper contranormal subgroups. Being periodic, G/E
is nilpotent, we know that G/T is nilpotent, hence G is nilpotent, as
required.

Now we can prove Theorem A.
Proof of Theorem A. Let K be a nilpotent normal subgroup of G
such that G/K is finite. Write D = [K,K]. Lemma 2.1 implies that
the factor groupG/D does not contain proper contranormal subgroups.
Moreover, G/D is abelian-by- finite. Then Corollary 2.12 implies that
G/D is nilpotent. Using now Theorem 7 of paper [7], we obtain that
G is nilpotent, as required. 
3. Locally nilpotent abelian-by-finite groups with a finite
contranormal subgroup
We start this section by proving Proposition B.
Proof of Proposition B. Suppose that AC 6= G. Then Lemma 2.1
implies that CA/A is a proper contranormal subgroup of the finite
nilpotent group G/A. But a nilpotent group does not contain a proper
contranormal subgroups. Hence AC = G. Choose in C a finitely
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generated subgroup K such that AK = G, then C = BK where B =
C ∩ A. Since A is normal in G, [K,B] ≤ A. On the other hand,
[K,B] ≤ C, so that [K,B] ≤ C ∩ A = B. Therefore, the subgroup
B is K-invariant. B is also A- invariant, since A is abelian, thus from
G = AK we get that B is G-invariant. The intersection K ∩ A is
normal in G. Considering the factor group G/(K ∩A), without loss of
generality we may assume thatK∩A is trivial. Then the subgroup K is
finite. From G = AK, with A normal in G, it follows [K,A] normal in
G and [G,G] = [K,A][K,K] ≤ K[A,K] Thus G/(K[K,A]) is abelian.
By Lemma 2.1 C[K,A]/(K[K,A]) is contranormal in G/(K[K,A]). It
follows that C[K,A]/(K[K,A]) = G/(K[K,A]). Therefore we have
G = C[K,A] = BK[K,A] = B[K,A] ⋊ K. In particular, we obtain
that A = B[K,A]. The subgroup B is normal in G. Then we obtain
that G/B = A/B ⋊KB/B = [K,A]B/B⋊KB/B = [KB/B,A/B]⋊
KB/B. It follows G/B = (KB/B)G/B, hence KB/B is contranormal
in G/B. 
We start our investigation assuming that G is a p-group, p a prime.
Proposition 3.1. Let G be an abelian-by-finite p-group, p a prime.
If G contains a finite contranormal subgroup, then G satisfies the fol-
lowing conditions:
(i) G = VC where V is a normal divisible abelian subgroup and C is
a finite contranormal subgroup of G;
(ii) V has a family of G-invariant G-quasifinite subgroups {Dµ | µ ∈
M} such that V = 〈Dµ | µ ∈M〉;
(iii) [Dµ,C] = Dµ for all µ ∈M , in particular, [V, C] = V .
Proof. Let A be a normal abelian subgroup of G having finite index and
let C be a finite contranormal subgroup of G. By Lemma 2.1 CA/A
is contranormal in G/A. Since G/A is a finite p-group, it is nilpotent.
The fact that a nilpotent group does not include proper contranormal
subgroups implies that CA/A = G/A or G = CA. If A = Ap, then A is
divisible and (i) holds. Suppose that B = Ap 6= A. Then B is normal
in G and G/B is an extension of an elementary abelian p-subgroup by
a finite p-group. Such groups are nilpotent ([2]). On the other hand,
Lemma 2.1 shows that CB/B is a contranormal subgroup of G/B.
The fact that a nilpotent group does not include a proper contranor-
mal subgroup implies that CB/B = G/B. It follows that A/B is finite.
The finiteness of A/Ap implies that A = F × V where V is a divisible
subgroup and F is a finite subgroup (see, for example [8], Lemma 3).
Clearly the subgroup V is G- invariant. Being a finite p-group, the fac-
tor group G/V is nilpotent. As above it follows that CV/V = G/V or
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G = V C, ad again (i) holds. Now suppose G = V C, where V is divisi-
ble, abelian and normal inG. Since V is an abelian divisible p-subgroup
we have V = ×λ∈ΛPλ, where Pλ is a Pru¨fer p-subgroup for all λ ∈ Λ
(see, for example [6], Theorem 23.1). Let Q1 be a Pru¨fer p-subgroup of
V . Since G/V is finite, Q1 has only finitely many conjugates, so that
Y = QG1 is a divisible Chernikov subgroup. Since Y satisfies the mini-
mal condition, Y includes an infinite G-invariant subgroup D1 which is
G-quasifinite. If Dp1 6= D1, then D
p
1 is finite since D1 is quasi finite, and
D1/D
p
1 is finite since it is an elementary abelian p-group with the min-
imal condition, hence D1 is finite, a contradiction. Therefore D
p
1 = D1
and D1 is divisible. Thus V = D1R for some subgroup R such that R is
G-invariant, the intersection D1∩R is finite and (D1∩R)
|C| = 〈1〉 (see,
for example [9], Corollary 5.11]. Put |C| = pn, then D1 ∩ R ≤ Ωn(V ).
It is not hard to prove that the subgroup [D1, C] is G-invariant. If we
suppose that [D1, C] is a proper subgroup of D1, then the fact that
D1 is G-quasifinite implies that [D1, C] must be finite. Then D1C is a
finite-by-abelian p-group, so that D1C is nilpotent. Being Chernikov,
D1C is central-by-finite (see, for example [5], Corollary 3.2.10). It fol-
lows that D1 ≤ ζ(D1C). Consider the factor group G/R. We have
V/R = D1R/R ≃ D1/(D1 ∩ R). The equality [D1, C] = 〈1〉 implies
that [V/R,CR/R] = [D1R/R,CR/R] = [D1, C]R/R = 〈1〉. It follows
that V/R ≤ ζ(G/R). But in this case (CR/R)G/R = CR/R, and we
obtain a contradiction with Lemma 2.1. This contradiction shows that
[D1, C] = D1. Choose in the subgroup R a Pru¨fer p-subgroup Q2.
Again Q2 has only finitely many conjugates, so that Q
G
2 is a divisi-
ble Chernikov subgroup. As above QG2 includes an infinite G-invariant
subgroup D2, which is G-quasifinite. Arguing as before it is possible
to prove that D2 is divisible. Then, by Corollary 5.11 of [9], R = D2R1
for some subgroup R1 such that R1 is G-invariant and the intersec-
tion D2 ∩ R1 is finite, moreover D2 ∩ R1 ≤ Ωn(V ). Using the above
arguments, we obtain that [D2, C] = D2. Put L1 = Ωn(D1), then
D1/L1 ∩ RL1/L1 = 〈1〉 and L1 ≤ Ωn(V ). Similarly, put L2 = Ωn(D2),
then D2/L2 ∩ R1L2/L2 = 〈1〉 and L2 ≤ Ωn(V ). Repeating these ar-
guments and using transfinite induction, we obtain that the subgroup
V has a family of G-invariant G-quasifinite subgroups {Dµ | µ ∈ M}
such that V = 〈Dµ |µ ∈ M〉, [Dµ, C] = Dµ for all µ ∈ M , as required.
Moreover we have V/Ωn(V ) = ×µ∈MDµΩn(V )/Ωn(V ). 
Now we can prove
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Corollary 3.2. Let G be a periodic locally nilpotent abelian-by-finite
group. If G contains a finite contranormal subgroup, then G satisfies
the following conditions:
(i) G = V C where V is a normal divisible abelian subgroup and C is
a finite contranormal subgroup of G;
(ii) Π(G) = Π(C), in particular the set Π(G) is finite;
(iii) V has a family of G-invariant G-quasifinite subgroups {Dµ | µ ∈
M} such that V = 〈Dµ | µ ∈M};
(iv) [Dµ, C] = Dµ for all µ ∈M , in particular, [V, C] = V .
Proof. Let A be a normal abelian subgroup of G having finite index,
and let C be a finite contranormal subgroup of G. Then, arguing as
above we have G = CA. Suppose that Π(G) 6= Π(C) and choose
a prime q ∈ Π(G) \ Π(C). The equality G = AC implies that A
contains a Sylow q-subgroup Q of G. We have A = Q × R where R
is a Sylow q′- subgroup of A. Then G/R = QR/R × CR/R, which
shows that CR/R cannot be a contranormal subgroup of G/R. Thus
we obtain a contradiction with Lemma 2.1. This contradiction proves
that Π(G) = Π(C). We have G = ×p∈Π(G)Sp where Sp is a Sylow
p-subgroup of G. The isomorphism Sp ≃ G/(×q∈Π(G),q 6=pSp) and an
application of Proposition 3.1 prove the result. 
Recall that a group G is called F -perfect, if G does not contain a
proper subgroup of finite index. In every group the subgroup F(G),
generated by all F -perfect subgroups, is F -perfect. It is the greatest
F -perfect subgroup of G. Clearly F(G) is a characteristic subgroup of
G, and the factor group G/F(G) does not contain F -perfect subgroups.
The subgroup F(G) is called the F -perfect part of G. Let X be a class
of groups. If G is a group, then we denote by GX the intersection of
all normal subgroups H of G such that G/H ∈ X . The subgroup GX
is called the X -residual of the group G. If X = F is the class of all
finite groups, then GF is called the finite residual of G.
Lemma 3.3. Let G be a locally nilpotent periodic group. If G con-
tains a finite contranormal subgroup, then the F-perfect part of G has
finite index.
Proof. If G does not contain proper subgroups of finite index, then G is
F -perfect and the result is proved. Therefore we suppose that G con-
tains proper subgroups of finite index. Let S be a finite contranormal
subgroup of G. Then S is nilpotent. Let k be the nilpotency class of S.
IfH is a normal subgroup of G such that G/H is finite, then Lemma 2.1
shows that SH/H is a contranormal subgroup of G/H . On the other
hand, G/H is nilpotent, and a nilpotent group does not contain proper
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contranormal subgroups. It follows that SH/H = G/H . In particular,
G/H has nilpotency class at most k. Let S be the family of all normal
subgroups of G having finite index, and let L =
⋂
H∈S H . By Remak’s
theorem there is an embedding G/L . CrH∈SG/H . Since G/H has
nilpotency class at most k for every H ∈ S, this implies that G/L is
a nilpotent group. It follows that G/L does not contain proper con-
tranormal subgroups and we obtain the equality G/L = SL/L. This
means that G/L is finite. If we suppose that L contains a proper sub-
group K having finite index in L, then K has finite index in G. Then
D = CoreG(K) is normal in G and has finite index in G. Then D ∈ S,
and therefore L ≤ D, a contradiction. This contradiction proves that
L is F -perfect and L coincides with the F -perfect part of G. 
Corollary 3.4. Let G be a hypercentral periodic group. If G contains
a finite contranormal subgroup, then G is abelian-by-finite.
Proof. Let L be the F -perfect part of G. Lemma 3.3 implies that L
has finite index in G. The result follows since a periodic hypercentral
F -perfect group is abelian (see [4], Chapter 2, n. 2, Theorem 2.2). 
Lemma 3.5. Let G be a locally nilpotent group. If G is not periodic,
then G does not contain finite contranormal subgroups.
Proof. Suppose the contrary, and let S be a finite contranormal sub-
group of G. Since G is locally nilpotent, the set Tor(G) of all elements
of G having finite order is a characteristic subgroup of G. Since G is
not periodic, G 6= Tor(G). Then the inclusion S ≤ Tor(G) implies
that SG 6= G and we obtain a contradiction which proves the result.

Now we can prove Theorem C.
Proof of Theorem C. Lemma 3.5 implies that a group G must be
periodic. By Corollary 3.4 G is abelian-by-finite, and the result follows
from Corollary 3.2. 
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